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Significance 

Empirical studies of 
discrimination typically aim to 
estimate the effects of race and 
other legally protected 
characteristics on decisions. 
That goal, however, reflects an 
understanding of discrimination 
that fails to capture broader 
concerns of bias even when 
decisions are formally 
“race-blind.” Motivated by 
disparate impact law, we propose 
an alternative empirical 
conceptualization of 
discrimination that instead seeks 
to quantify “unjustified” 
disparities. For example, our 
approach would flag as 
discriminatory human or 
algorithmic hiring decisions 
advantaging members of one 
group over similarly qualified 
members of another, regardless 
of intent or whether group 
membership was explicitly 
considered. As facially neutral 
decision-making by humans and 
machines becomes more 
prevalent, our framework 
provides a practical, principled 
method for identifying legally or 
ethically problematic behavior. 

Empirical analyses have grown increasingly important in discrimination litigation with 
the greater availability of detailed data on individuals and decisions. A popular analytic 
strategy is to estimate disparities after adjusting for observed covariates, typically with 
a regression model, in hopes of ferreting out discriminatory intent. This approach, 
however, is ill-suited to auditing algorithms that are now commonly used to aid 
decisions, which typically do not include race or other legally protected factors as inputs. 
Motivated by legal understandings of disparate impact, we introduce an approach that 
aims to measure “unjustified” disparities in both human and machine decisions. Our 
method, which we call risk-adjusted regression, proceeds in three steps. In the first step, 
we combine all available information in a machine learning model to estimate the value, 
or inversely, the risk, of taking a certain action, such as approving a loan application or 
hiring a job candidate. Second, we measure disparities in decisions after adjusting for 
these risk estimates alone. Finally, in the third step, we assess the sensitivity of results to 
potential mismeasurement of risk. We demonstrate this approach on a detailed dataset 
of 2.2 million police stops of pedestrians in New York City, and show that traditional 
statistical tests of discrimination can substantially understate the magnitude of (risk-
adjusted) racial disparities. 

discrimination | risk-adjusted regression | included-variable bias | disparate impact 

There are two main legal doctrines of discrimination in the United States: disparate 
treatment and disparate impact. Disparate treatment protections bar government agents 
from acting with “discriminatory purpose” (1); disparate impact statutes, in contrast, bar 
policies that produce “unjustified” adverse effects on legally protected groups, even in the 
absence of animus (2). Among empirical researchers and practitioners, disparate treatment 
has, by far, received more attention. In the most common methodological approach, 
sometimes known as “kitchen sink” regression, analysts compare decision rates across 
race or other protected characteristics after adjusting for all available decision factors,* 

typically using ordinary linear or logistic regression. For instance, in the lending context, 
one might compare loan officers’ lending rates to Black and White loan applicants after 
adjusting for income, credit score, and other relevant factors (3). This basic statistical 
strategy has been used in numerous studies to test for bias across domains including 
education (4, 5), employment (6), criminal justice (7–11), and medicine (12). 

While analyses of disparate treatment are common in both the scientific literature and 
legal practice, the doctrine is ill-suited to assessing algorithmic decisions. In particular, 
algorithms are often formally “race blind,” and so cannot treat individuals from different 
groups differently in the legally relevant sense. For instance, it is rare for protected traits 
to be explicitly input into the models now common in lending (13), medicine (14), 
criminal justice (15), and other settings. Accordingly, attempts to audit these algorithms 
(e.g., with a standard regression analysis) will typically reveal, correctly, that race did not 
directly impact decisions. 

Nonetheless, facially neutral algorithms can still adversely impact groups defined 
by race, gender, and other traits. For example, race- and gender-blind algorithms 
in healthcare and criminal justice have been found to be miscalibrated, producing 
risk estimates that are systematically skewed by group (16). In banking, the ways 
in which algorithmically generated loan offers are presented and marketed to online 
applicants can likewise create and exacerbate disparities. Finally, algorithms based on 
generative AI, which are increasingly used to guide employment decisions, might 
elevate vague understandings of “leadership” or “fit” in ways that disadvantage 
certain demographic groups—all without explicitly considering demographic traits (17). 

*An important exception is adjusting for close proxies of protected characteristics, such as hair or eye color. For more 
detailed discussion of disparate treatment and disparate impact jurisprudence, see SI Appendix, section 1. 
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Disparate impact, in contrast to disparate treatment, is 
concerned with the effects of a policy, not a decision maker’s in-
tentions, and more naturally applies to the analysis of algorithmic 
decisions. Under the disparate impact standard, a practice may 
be deemed discriminatory if it has an unjustified adverse effect on 
protected groups, even in the absence of explicit categorization 
or animus. The disparate impact doctrine was formalized in 
the landmark U.S. Supreme Court case Griggs v. Duke Power 
Co. (1971).† In 1955, the Duke Power Company instituted a 
policy that mandated employees have a high school diploma to 
be considered for promotion, which had the effect of drastically 
limiting the eligibility of Black employees. The Court found that 
this requirement had little relation to job performance, and thus 
deemed it to have an unjustified disparate impact. 
Despite its importance, disparate impact analysis has received 

comparatively little attention in the empirical community (5, 
19–23). Yet kitchen sink regression—the standard approach for 
assessing disparate treatment claims—is a poor fit for assessing 
whether practices are rationally justified, the relevant standard in 
disparate impact cases. Ayres (19) makes the point in the context 
of the original Griggs decision: 

“One could imagine running a regression to test 
whether an employer was less likely to hire African 
American applicants than white applicants. It would be 
possible to control in this regression for whether the 
applicant had received a high-school diploma. Under 
the facts of Griggs, such a control would likely have 
reduced the racial disparity in the hiring rates. But 
including in the regression a variable controlling for 
applicants’ education would be inappropriate. The 
central point of Griggs was to determine whether 
the employer’s diploma requirement had a disparate 
racial impact. The possibility that including a diploma 
variable would reduce the estimated race effect in the 
regression would in no way be inconsistent with a theory 
that the employer’s diploma requirement disparately 
excluded African Americans from employment.” 

In short, by including educational status in the regression, one 
would mask the policy’s unjustified disparate impact. (In SI 
Appendix, section 1.B, we give a simple formal illustration of 
this statistical phenomenon.) 
Ayres (19) terms this phenomenon included-variable bias— 

“the worry that the statistical estimates of disparate impact are 
biased because the regression inappropriately includes nonrace 
variables” (20).‡ In Griggs, the Court found that education was 
unrelated to permissible employment aims, and so its inclusion 
in a regression analysis of disparate impact would have been 
inappropriate. But whether it is appropriate to control for a 
particular covariate is not always clear. In other employment 
contexts, education might be more strongly related to job 
performance. Similarly, given existing patterns of residential 
segregation, home ZIP codes tend to be highly correlated with 
race, weighing in favor of their exclusion when testing for 
disparate impact. But one could also argue that ZIP codes provide 

†The legal landscape surrounding disparate impact has recently shifted in the U.S., 
following an executive order deprioritizing disparate impact enforcement at the federal 
level (18). The order also revokes certain regulatory provisions that adopt a disparate 
impact framework, though statutory provisions such as Title VII of the Civil Rights Act 
governing disparate impact at the state and federal level remain in force. 
‡Included-variable bias differs from post-treatment bias or what is sometimes termed 
“adjusting for bad controls” (24). In particular, the aim of the risk-adjusted regression 
framework we introduce is not to estimate a causal quantity, but rather the extent to 
which decisions are normatively or legally justified. 

legitimate information relevant to a decision, and so excluding 
them would itself be problematic. Ayres (20) proposes a middle 
ground, suggesting that all covariates be included, but their 
coefficients capped to a “justifiable” level; in practice, however, 
it is difficult to determine and defend specific constraints on 
regression coefficients.§ 

Here, we present a statistically principled and logistically 
straightforward approach for measuring disparate impact in 
human and machine decisions. Our method, which we call risk-
adjusted regression, proceeds in three steps. In the first step, 
we use all available information, including potential proxies of 
protected traits, to estimate the expected net benefit of taking a 
particular action—which we term “risk.”¶ For example, in the 
lending context, one might approximate net benefit by estimating 
the expected profitability of a loan, conditional on all available 
covariates; in hiring one could instead estimate an applicant’s 
expected productivity. Importantly, this step requires access to a 
rich set of covariates, which may not be available in all cases. In 
the second step, we assess disparities by regressing decisions (e.g., 
loan offers) on individual-level risk estimates and protected traits 
alone, allowing us to measure the extent to which similarly risky 
individuals receive different decisions. This strategy can be seen 
as formalizing Ayres’s (20) coefficient-capping procedure—with 
covariates used only to the extent that they are statistically justified 
by risk—and thus circumvents the problem of included-variable 
bias. Finally, we assess the sensitivity of results to potential 
mismeasurement of risk. In particular, we derive tight analytic 
bounds on risk-adjusted disparities as a function of how much 
risk estimates differ from true risk. 
To demonstrate this approach, we examine 2.2 million stops of 

pedestrians conducted by the New York City Police Department 
between 2008 and 2011. After adjusting for a stopped indi-
vidual’s statistical risk of carrying a weapon—based in part on 
detailed behavioral indicators recorded by officers—we find that 
stopped Black and Hispanic pedestrians are searched for weapons 
substantially more often than stopped White individuals. We find 
that these risk-adjusted disparities are considerably larger than 
disparities suggested by a standard regression that adjusts for all 
available covariates, underscoring the importance of accounting 
for included-variable bias. Finally, we show that our results are 
robust to potentially large errors in risk estimates. 

1. Statistically Assessing Disparate Impact 

Consider estimating risk-adjusted racial disparities in police 
searches of pedestrians for weapons—the application we discuss 

§Such problems have prompted a search for alternatives to regression-based approaches. 
Most prominently, Becker (25) proposed the outcome test, which is based not on the 
rate at which decisions are made, but on the success rate of those decisions. In the 
context of banking, Becker argued that even if, hypothetically, racial minorities were 
less creditworthy than White applicants, minorities who were granted loans should 
still be found to repay their loans at the same rate as White applicants who were 
granted loans. If loans to minorities had a higher repayment rate than loans to White 
borrowers, it suggests that lenders applied a double standard (intentionally or not), 
granting loans only to exceptionally qualified minorities—potentially violating disparate 
impact laws. The outcome-based approach has been applied almost as broadly as 
simple regression to study discrimination in, for example, policing (26–29), lending (30), 
and scientific publication (31). Becker’s outcome test, however, has significant statistical 
shortcomings, most notably the problem of inframarginality (28), which can lead the test 
to incorrectly suggest an absence of discrimination (32). Refinements of Becker’s test, such 
as the threshold test (33, 34), and, more recently, the robust outcome test (35) address 
inframarginality, but involve alternative assumptions and can be less informative than 
regression-based approaches when detailed covariate information is available. 
¶ In many cases, the expected net benefit is well captured by the probability of a particular 
outcome, which is why we call it risk. In lending, for example, it is common to approximate 
the profitability of loan by a loan applicant’s risk of default. In policing, searches are often 
motivated by the likelihood, i.e., risk, that an individual possesses contraband such as 
weapons or drugs. Our net benefit framing implicitly assumes that the underlying utility is 
justifiable. For example, a bank can reasonably seek to maximize profits, but their utility 
cannot reflect a “taste” for discrimination (36). 

2 of 7 https://doi.org/10.1073/pnas.2509765122 pnas.org 

D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//w

w
w

.p
na

s.
or

g 
by

 J
oh

an
n 

G
ae

bl
er

 o
n 

Ju
ly

 2
0,

 2
02

6 
fr

om
 I

P 
ad

dr
es

s 
10

4.
28

.3
9.

12
8.

https://www.pnas.org/lookup/doi/10.1073/pnas.2509765122#supplementary-materials
https://www.pnas.org/lookup/doi/10.1073/pnas.2509765122#supplementary-materials


in more detail below. Let Ai indicate whether the i-th stopped 
pedestrian was searched, Xi, the information available to the 
officer when deciding whether to conduct a search, Ci the stopped 
individual’s race, and Wi whether the individual is in possession 
of a weapon—regardless of the officer’s search decision. 
Given this setup, we define ex ante risk to be 

R = Pr(W = 1 | X ). [1] 

In our policing example, Ri is the probability that the i-th stopped 
individual, with covariates Xi, is carrying a weapon.# 

Our goal is to quantify whether decisions systematically 
differ for individuals at the same level of risk. Many estimands 
summarizing such potential differences are possible, but, for 
simplicity, we consider the following nonparametric quantity: 

𝔼[Pr(A = 1 | C = j, R) − Pr(A = 1 | C = 1, R)]. [2] 

Eq. 2 defines risk-adjusted disparities to be the difference in the 
probability of taking an action for group C = j relative to the 
reference group C = 1, after accounting for potential differences 
in risk across groups.|| 
To facilitate computation—and, in particular, the sensitivity 

analysis presented below—we approximate the estimand in Eq. 2 
by a linear probability model. Specifically, we estimate Pr(A = 
1 | C , R) as 

m 

j=1 
𝛽j · 1(C = j) + 𝛽R · R, [3] 

where 1(C = j) indicates membership in group j and 𝛽j is its 
corresponding fitted coefficient. The difference between fitted 
coefficients, 

dj = 𝛽j − 𝛽1, [4] 

is our formal measure of disparate impact. 
In our running example of police searches, if dj > 0—i.e., 

if 𝛽j is greater than 𝛽1—it means that members of group j 
are searched more often than members of the reference group 
who were equally likely to be carrying a weapon. We would say 
that such elevated search rates are unjustified by risk. We note, 
however, that dj > 0 does not imply intentional discrimination. 
As in Griggs, unjustified disparate impact is possible even under 
a facially neutral policy undertaken without animus. 
We have introduced risk-adjusted regression in the context 

of policing, but our general approach applies to both human 
and algorithmic decisions across a wide variety of settings. For 
example, we could similarly consider risk-adjusted disparities in 
hiring, where W represents a prospective employee’s productivity 
and A whether or not they were hired; and lending, where W 
represents the amount a prospective borrower will repay and A the 
bank’s lending decision. In contexts featuring a continuous rather 
than binary outcome measure W , such as these two examples, 

#To allow for the possibility of statistical discrimination (37–39) in the decision maker’s 
course of action, risk may be conditioned on group membership as well as other 
observables—formally, by including C among the covariates X . However, whether the 
inclusion of race or other protected attributes in risk models is legally appropriate is un-
certain. Employers, for instance, are barred from statistically discriminating (40); statistical 
discrimination in medical decision making, however, is common if controversial (14, 16), 
though it has in some instances been successfully challenged in court (41). The empirical 
results in our main policing application remain essentially unchanged whether or not one 
assumes X encodes C; see SI Appendix, Figs. S11–S17. 
|| To ensure this quantity is well defined, we assume that: 

0 < Pr(C = j | R) < 1, for all j = 1, . . . , m. 

This condition is immediately implied by an analogue of the standard overlap condition: 
0 < Pr(C = j | X ) < 1 (42, 43). 

one would more generally define the expected net benefit R to be 
𝔼[W | X ], the expected outcome given observed covariates X . 

In our policing application—as well as in these other settings— 
empirically estimating risk-adjusted disparities dj is complicated 
by two factors. First, the information available to officers typically 
differs from that recorded in administrative datasets available 
to analysts. Second, analysts—and even officers—generally only 
know whether searched individuals were carrying weapons, but 
not whether unsearched individuals were carrying weapons. In 
other words, W is only observed when A = 1. As a result, 
one cannot usually compute the risk R exactly, motivating our 
sensitivity analysis described below. 

2. An Application to Policing 

We apply our approach above to investigate the “stop-and-
frisk” practices of the New York City Police Department 
(NYPD). (Reproduction materials for this analysis are available 
at https://github.com/jgaeb/rar-repro (44).) Police officers in the 
United States may stop and question pedestrians if they have 
“reasonable and articulable” suspicion of criminal activity; officers 
may additionally conduct a “frisk” (i.e., a brief pat-down of one’s 
outer garments) if they believe the stopped individual is carrying 
a weapon. Although a policy of stopping and frisking individuals 
is not inherently illegal, in Floyd v. City of New York (44), a 
federal district court ruled that the NYPD carried out such stops 
with racial animus, violating the Equal Protection Clause of the 
Fourteenth Amendment. 
The court in Floyd was interested in assessing claims of 

disparate treatment; here, we reanalyze the data with a focus 
on disparate impact. We specifically consider frisk decisions, as 
they have a clear goal of ensuring officer safety by recovering 
weapons, and a well-measured outcome—whether a weapon 
was in fact found. We study 2.2 million pedestrian stops that 
occurred between 2008 and 2011. For each stop, we have 
detailed information on the date, time, and location of the stop; 
the demographics of the stopped individual (e.g., age, gender, 
and race); the suspected crime; the reasons prompting the stop 
(e.g., “furtive movements” or “suspicious bulge”); and additional 
circumstances surrounding the stop (e.g., evasive responses to 
questioning, witness reports, or evidence of criminal activity in 
the vicinity). (This information is recorded in a standardized way 
on UF-250 forms that officers were required to complete after 
each stop. A copy of the form can be found online.) 
To start, we note that 1.7% of frisks turn up a weapon. 

White pedestrians are frisked in 44% of police stops, whereas 
Black and Hispanic pedestrians are frisked in 57% and 58% 
of stops, respectively, a 13 to 14 percentage point gap. These 
raw disparities are computed without adjusting for any covariates 
that might justify the observed differences between groups. At 
the other extreme is the “kitchen sink regression,” which adjusts 
for all observed prefrisk covariates in a standard linear probability 
model. In this case, stopped Black and Hispanic pedestrians are 
3 to 4 percentage points more likely to be frisked, relative to 
White pedestrians with similar recorded characteristics. These 
kitchen-sink disparities are suggestive of disparate treatment (and 
similar evidence was indeed presented to the court in Floyd to 
support such an allegation), but they may understate the extent 
to which the policy imposes an unjustified disparate impact on 
racial minorities, due to included-variable bias. 

2.1. Estimating Risk-Adjusted Disparities. The key ingredient 
in applying risk-adjusted regression is estimating the risk R = 
Pr(W = 1 | X ), as in Eq. 1, where W indicates whether 
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a stopped individual has a weapon and X is the information 
available to the officer when making their frisk decision. As noted 
above, X and W are only partially and imperfectly observed, 
twin challenges that can be mitigated, but not eliminated. Our 
approach is thus to estimate risk as best we can, and then gauge 
the robustness of our results to estimation error. For ease of 
exposition, we adopt a simple estimation strategy, regressing 
weapon possession (W ) on the covariates in the recorded data 
( ˜ X ), fitting our model only on the subset of individuals who were, 
in reality, frisked. This yields estimates d̂j of Eq. 4, based on these 
estimated risks.** 

We start by dividing the original stops into two subsets: 1) the 
approximately 1 million stops that occurred in 2008 and 2009, 
which we use to train a risk model; and 2) the remaining 1.2 
million stops that occurred in 2010 and 2011, to which we apply 
the fitted risk model to estimate disparities in frisk decisions. 
In this way, we produce an estimate of ex ante risk R̂i for every 
pedestrian stopped in the second subset of the data, including 
those who were not frisked. (See Materials and Methods below 
for further details.) 
Fig. 1 shows frisk rates as a function of estimated risk, 

disaggregated by race, also known as “risk-decision curves” (35).†† 

At every level of risk, stopped Black and Hispanic pedestrians are 
frisked at a much higher rate than stopped White individuals, a 
gap that is suggestive of disparate impact in frisk decisions. 

To add quantitative detail to these qualitative results, we next 
compute risk-adjusted disparities, fitting the linear probability 
model in Eq. 3 on the second half of the NYPD data, computing 
estimates for the Black–White disparity d̂Black and Hispanic-
White disparity d̂Hispanic. Fig. 2 shows the results, together with 
the raw disparities and those estimated from a kitchen-sink 
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Fig. 1. Frisk rates vs. risk, as estimated via logistic regression curves fit 
separately for each race group. Across risk levels, stopped Black and Hispanic 
pedestrians are frisked substantially more frequently than comparably risky 
White individuals, indicative of disparate impact. 

**Our approach to estimating risk is not the only one, or even the best in any given 
instance. For example, when an appropriate sample exists, one could partially address 
this selection issue by leveraging some subpopulation of individuals that were randomly 
frisked, as is sometimes done at roadside checkpoints and airports. Alternatively, one 
could look for officers who frisk almost everyone they stop—similar to recent approaches 
for studying judicial decision-making (e.g., refs. 45 and 46). Both of these alternatives 
come with their own limitations, meaning that sensitivity analysis is still critical to credible 
inference. 
†† The curves show that even pedestrians with very low probabilities of carrying weapons 
have around a 40% probability of being frisked, indicating that officers’ frisk decisions are 
fairly inefficient. If officers frisked pedestrians according to a threshold rule, searching 
them if and only if their risk were above some cutoff, they could recover the same number 
of weapons while frisking fewer people (47). 
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Fig. 2. Racial gaps in frisk rates adjusting for different sets of covariates, 
where the y-axis shows the percentage point difference relative to stopped 
White individuals. The red dots show the raw disparities in frisk rates. As 
a measure of discrimination, raw disparities suffer from omitted-variable 
bias: there may, in theory, be legitimate reasons why Black and Hispanic 
pedestrians are more likely to be frisked. The green triangles show the 
estimated race effects in a kitchen-sink regression, adjusting for all prefrisk 
covariates. These estimates suffer from included-variable bias because they 
adjust for features that are correlated with race but unrelated to risk. The blue 
squares show the results of our risk-adjusted regression, adjusting exclusively 
for estimated risk of weapon possession. In all cases, estimated SE are less 
than 0.2 percentage points, and so are not visible in the plot. 

model. We find that stopped Black and Hispanic pedestrians were 
about 15 percentage points more likely to be frisked than White 
pedestrians who were equally likely to be carrying a weapon. 
Further, the risk-adjusted disparities are in fact greater than 
the raw disparities in frisk rates. To understand why, we note 
that stopped White pedestrians were, on average, more likely 
to be carrying a weapon yet less likely to be frisked than racial 
minorities; as a result, the risk-adjusted gap in frisk rates is even 
larger than the raw, unadjusted gap. Finally, we see that the 
kitchen-sink regression dramatically underestimates the extent of 
disparate impact faced by minorities. In this case, the kitchen-
sink model adjusts for a variety of features—including whether 
the stopped individual made “furtive movements”—that are 
correlated with race but are poor predictors of weapon possession, 
skewing estimates of disparate impact.‡‡ 

2.2. Sensitivity Analysis. Computing risk-adjusted disparities 
depends critically on knowing individual-level risks. But we can 
only approximate these risks, both because officers observe factors 
that are predictive of risk but are not recorded in our data, and 
because outcomes (i.e., weapon possession) are only partially 
observed. It is thus important to gauge the sensitivity of our 
estimates of disparate impact to errors in our estimates of risk. 
We accordingly develop a method of sensitivity analysis that 
bounds the difference between dj and d̂j when we constrain the 
true risks Ri and estimated risks R̂i to differ by some maximum 
amount, i.e., when 

1
n 

n 

i=1 
|R̂i − Ri| ≤ 𝜖 [5] 

‡‡ We exclude hair color and eye color from the kitchen-sink model, since these are 
obvious proxies for race that are effectively unrelated to risk, and would thus be excluded 
in most traditional legal and statistical analyses of discrimination. As we would expect, 
including these variables as controls exacerbates the problem of included-variable bias, 
but our results show that such bias can occur even if obviously problematic variables are 
excluded. 
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for some average absolute error 𝜖.§§ The relationship between 
R̂i − Ri and dj is nonconvex and involves a potentially large 
number of optimization variables, hindering computation. In 
SI Appendix, section 2, we derive an efficient algorithm for 
performing the sensitivity analysis, which we implement in the 
rar package for R, available on CRAN. 

Fig. 3 displays our bounds on disparate impact as a function of 
the mismatch between true and estimated risk—operationalized 
in terms of 𝜖, as defined in Eq. 5. To ease interpretation, 
the horizontal axis in the plot is expressed in terms of the 
relative average absolute difference between true and estimated 
risks: 𝜖 divided by the overall weapon recovery rate among 
frisked individuals (1.7%). Our analysis shows that large risk-
adjusted disparities remain even if we allow the true risk to differ 
considerably from our risk estimates. In particular, we would find 
large disparate impacts for both Black and Hispanic pedestrians 
even if the true risks differed from our risk estimates by 50% of 
the base rate. 

It is impossible to know the precise extent to which our 
risk estimates differ from the true risk. To understand the 
plausible magnitude of the discrepancy, we conduct a simulation 
in which we remove a key set of risk-relevant covariates from the 
data, estimate risk based on the reduced information, and then 
measure differences between the original and new risk estimates. 
Specifically, we remove variables listed in two sections of the UF-
250 stop forms that describe the “circumstances” prompting the 
encounter. These sections each consist of 10 binary variables— 
including, for example, “fits description,” “actions indicative of 
casing,” and “changing direction at sight of officer”—that are 
crucial for establishing the legal basis of the stop. We then 
compute the average absolute difference between our original 
risk estimates based on the full, uncensored data and the risk 
estimates based on the redacted data. We find that this value 
is 0.7 percentage points—or 44% of the base rate—which we 
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Fig. 3. Sensitivity of the risk-adjusted disparities in frisk decisions to mis-
measurement of risk. The blue bands bound our estimates of disparate 
impact as a function of the average absolute difference between true and 
estimated risks 𝜖, relative to the base rate (1.7%). The dotted line at 44% 
(𝜖 = 0.7 p.p.) corresponds to a simulated situation with severe confounding. 
The small gray bands along the top and bottom of the blue bands represent 
95% percentile bootstrapped CI (N = 1, 000; 48). 

§§Our approach, detailed in SI Appendix, section 2, is related to, but distinct from, well-
known methods of sensitivity analysis in the causal inference literature that aim to gauge 
the impacts of unobserved confounding (49). In particular, as our statistical problem 
differs from that in the standard causal inference setting, those methods cannot be applied 
straightforwardly in our context. Our method, moreover, is particularly well-adapted to our 
setting, yielding reasonably tight bounds in practice that depend only on the interpretable 
parameter 𝜖, without making additional assumptions about the form of the error ˆ Ri − Ri . 
See SI Appendix, section 2 for further discussion of our method and alternatives. 

take as an estimate of 𝜖 in a scenario with severe missing 
data. As shown in Fig. 3, this level of error (indicated by the 
dotted vertical lines) would yield an estimate of disparate impact 
that is, at a minimum, greater than 7.5 percentage points for 
both Black and Hispanic individuals. This sensitivity analysis 
suggests our results are robust to substantial mismeasurement 
of risk. 

3. Discussion 

Our primary policing application examined human decisions, 
but similar considerations apply to algorithms—especially those 
based on generative AI. Consider, for instance, hiring tools 
based on large language models (LLMs), which aim to nat-
uralistically evaluate potential job candidates based on their 
resumes and interview performance, much as human recruiters 
do (17). To promote broad usefulness, LLMs undergo a 
complex, largely self-supervised training process very differ-
ent from the fitting of conventional risk models (50, 51). 
This process is still not fully understood, and there is no 
guarantee that the hiring recommendations of conventional 
LLMs will correspond to statistically valid ex ante estimates 
of productivity. As a result, these systems, like the hu-
mans they emulate, have the potential to produce large risk-
adjusted disparities.¶¶ While the widespread deployment of 
LLM-based decision tools promises to increase efficiency and 
reduce certain forms of human bias in the hiring process 
and beyond, disparate impact may remain a persistent prob-
lem. 

In view of this form of discrimination’s continuing impor-
tance, we have sought to develop a simple, intuitive framework 
for formalizing and measuring disparate impact. Our approach, 
however, is subject to some important limitations. First, our 
method requires access to an outcome to estimate risk. In 
some instances, this information is not available to analysts. In 
other cases, it is not even clear how to rigorously define the 
relevant outcome. For example, in college admissions, decision 
makers often care about multiple factors in ways that are hard 
to quantify (5, 53). Second, to credibly estimate risk, analysts 
need sufficiently rich covariate data. Our sensitivity analysis helps 
mitigate omitted-variable bias, but it cannot replace better data. 
Third, and relatedly, analysts may not have access to race or 
other relevant protected characteristics, complicating the analysis. 
There has, however, been recent progress on estimating disparities 
using auxiliary data sources (e.g., refs. 54 and 55). Finally, we have 
modeled decisions using linear probability models with constant 
slope across groups. It is straightforward to estimate risk-adjusted 
disparities with more flexible decision models. However, relaxing 
this assumption makes it harder to gauge the sensitivity of the 
inferred disparities to inaccurate risk estimates. 

Throughout our analysis, we have estimated “disparate im-
pact” by a regression coefficient on protected-group identity 
in a model that adjusts for estimated risk. This procedure is 
analogous to current practice in discrimination studies, where 
we simply replace the usual set of control variables with a single 
variable capturing risk. As seen by our formalization of disparate 
impact in Eq. 2, we are effectively measuring a particular weighted 
average of differences in decision rates across individuals of similar 
risk. While intuitively reasonable, this definition raises subtle 
questions of law and policy. 

¶¶In contrast, traditional supervised machine learning models trained to directly predict 
relevant outcomes (e.g., job performance) minimize risk-adjusted disparities by design— 
though one must take care to avoid “label bias“ (52). 
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Consider, for example, Fig. 1, where we plot race-specific frisk 
rates as a function of risk. Stopped Black and Hispanic pedestrians 
are frisked more often than stopped White pedestrians at every 
level of risk. As a result, one would find that racial minorities 
face disparate impact regardless of how one averages across risk 
levels; the precise number might change, but the qualitative 
conclusion would remain the same. However, comparing Black 
and Hispanic pedestrians, the direction of the disparity depends 
on the risk level one considers. (Such a comparison between 
minority groups is unusual in disparate impact cases, but it 
illustrates the underlying theoretical issue.) Low-risk Hispanic 
individuals are frisked more often than low-risk Black individuals, 
but high-risk Black individuals are frisked more often than their 
high-risk Hispanic counterparts. Consequently, a conclusion 
of disparate impact between Black and Hispanic pedestrians 
would depend heavily on the precise definition applied. The 
analysis is further complicated if the risk distributions dif-
fer substantially between groups. If, hypothetically, stopped 
Hispanic pedestrians were mostly low-risk and stopped Black 
pedestrians mostly high-risk, majorities of both groups could 
argue that they were treated more harshly than members of 
the other group who were equally likely to be carrying a 
weapon.## 

The crossing of risk-decision curves that we see in Fig. 1 is 
a potentially widespread phenomenon, and, to our knowledge, 
disparate impact law has not yet resolved the underlying 
conceptual ambiguity it invokes. Many discussions of disparate 
impact tacitly assume that policies either consistently harm or 
help groups defined by protected traits. Such thinking can be 
seen in the original Griggs ruling, where the Supreme Court 
aimed to proscribe policies that acted as “built-in headwinds” for 
racial minorities. But, formally, disparate impact law concerns 
facially race-neutral policies, not intentional discrimination. The 
Court has addressed related questions, for instance holding in 
Connecticut v. Teal (1982) that a particular stage of a selection 
process can result in disparate impact even if the process as a whole 
advantages a protected group(57). But there is no theoretical or 
empirical guarantee that any policy or stage of a selection process 
will adversely impact all members of a particular group. 
A related issue is the extent to which concern for unjustified 

disparities compels decision makers to act optimally. For exam-
ple, Fig. 1 suggests that officers are only marginally responsive 
to risk, with the lowest-risk individuals still frisked more than 
40% of the time. If, instead, officers frisked only the people with 
high probability of carrying a weapon, they could frisk far fewer 

## Some scholars have similarly investigated interactions between race and other decision-
making criteria. For example, Espenshade et al. (4) find that preferences for underrepre-
sented minorities in college admissions is greatest for applicants with SAT scores in the 
1200–1300 range, and the effect is attenuated at lower scores. That analysis, however, 
found no score ranges where minority applicants faced an absolute disadvantage relative 
to White applicants with equal scores. We do not know of any research that has found 
a change in the direction of the disparities like we see between Black and Hispanic 
pedestrians in Fig. 1. 

individual s—and, in particular, far fewer minority individuals— 
while recovering almost the same number of weapons (47). 
A more efficient frisk strategy could thus reduce the burdens 
of policing on racial minorities while still maintaining public 
safety. Such efficiency is indeed one of the aims of statistical 
risk assessment tools that are now used in the criminal justice 
system and beyond to guide high-stakes decisions (15, 56, 58– 
60). If these tools are shown to reduce racial disparities, are 
policymakers obliged—legally or ethically—to adopt them? The 
role of efficiency in disparate impact claims has largely gone 
unanswered by the courts, adding yet another subtlety to defining 
and measuring disparities. Researchers have only recently taken 
up these questions (15, 21, 61–63). 
By foregrounding the role of risk in understanding disparities, 

we have aimed to clarify some of the thorny conceptual issues 
at the heart of disparate impact analysis. While there are still 
important unresolved questions, we believe that our statistical 
approach provides practitioners with a tractable way to assess 
disparities in many domains while avoiding some important 
pitfalls of traditional methods. Looking forward, we hope 
this work spurs further theoretical and empirical research on 
discrimination at the intersection of statistics, economics, law, 
and public policy. 

4. Materials and Methods 

To estimate risk of weapon possession in Section 2, we use gradient boosted 
decision trees, a nonlinear model popular in the machine learning community 
for its predictive performance, restricting to stops in the first subset of data 
in which a frisk was conducted. Predictive performance and model checks 
presented in SI Appendix, Fig. S10 indicate that the model yields predictions 
with reasonable performance and that predictions are well-calibrated across 
groups. The distribution of risk estimates produced by the model are shown 
in SI Appendix, Figs. S8 and S9. (SI Appendix, Figs. S11–S17 reproduce these 
results and the results in Figs. 1–3 with race excluded from the risk-prediction 
model.) For details on the sensitivity analysis, including parameter choices for 
the optimization, see SI Appendix, section 2. 

Data, Materials, and Software Availability. “Stop-question-frisk” records 
and reproduction materials for this analysis have been deposited in GitHub 
(44). 
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Supporting Information Text

1. Theories of Discrimination

We briefly review understandings of disparate treatment and disparate impact in U.S. law. In particular, first, we review the
distinctions between disparate treatment and disparate impact, especially as it pertains to included-variable bias, and discuss
risk-adjusted regression’s role within the three-pronged legal test of disparate impact. Next, we give a simple formal illustration
of included-variable bias in the context of Griggs. In the final subsection, we provide proofs of the mathematical content of our
formal illustration.

1.A. Disparate treatment and disparate impact. Disparate treatment derives force from the Equal Protection Clause of the
U.S. Constitution’s Fourteenth Amendment, and, as noted in the main text, prohibits government agents from acting with
“discriminatory purpose” (1). Although equal protection law bars policies undertaken with animus, it allows for the limited use
of protected attributes to further a compelling government interest. For example, until recently, certain affirmative action
programs for college admissions were legally permissible to further the government’s interest in promoting diversity. In 2023,
the U.S. Supreme Court overturned the legality of such affirmative action programs, ruling that it was unlawful to explicitly
consider race in college admissions decisions (2).

The most widespread statistical test of such intentional discrimination is ordinary linear or logistic regression, in which one
estimates the likelihood of favorable (or unfavorable) decisions across groups defined by race, gender, or other legally protected
traits. In this approach, the investigator adjusts for all potentially relevant risk factors, excluding only clear proxies for the
protected attributes. Barring omitted-variable bias, non-zero coefficients on the protected traits suggest those factors influenced
the decision maker’s actions; in the absence of a compelling justification, such evidence is suggestive of a discriminatory purpose.
It is difficult—and perhaps impossible—to rigorously define the influence, or causal effect, of largely immutable traits like race
on decisions (3, 4), but a regression of this type is nevertheless considered a reasonable first step to identify discriminatory
motive, both by criminologists and by legal scholars (5, 6). For an equal protection claim to succeed in court, however, one
typically needs additional documentary evidence (e.g., acknowledgement of an illegitimate motive) to bolster the statistical
evidence.

Disparate impact, in contrast, inquires into a policy’s effects, rather than the intentions of the legislature enacting it or the
decision maker executing it. A practice is deemed discriminatory under this standard if it results in an “unjustified adverse
impact” on a protected group, irrespective of the policy makers’ intentions or whether protected traits play an explicit role in
the administration of the policy. In Griggs, for instance, the Duke Power Company’s motivation for instituting its education
promotion requirement was irrelevant to the Court’s decision; even if enacted without discriminatory purpose, the policy was
deemed discriminatory in its effects and hence illegal. The doctrine stems from statutory rules, rather than constitutional law,
and applies only in certain contexts, such as employment (via Title VII of the 1964 Civil Rights Act) and housing (via the Fair
Housing Act of 1968). Apart from federal statutes, some states have passed more expansive disparate impact laws, including
Illinois and California.

The legal test of disparate impact developed over half a century of case law has three principal elements (7):

1. Adverse impact: The plaintiff first must establish that the policy disproportionately impacts the minority group.

2. No Justification: Next, the defendant must establish that the adverse impact has a substantial justification rooted in a
legitimate policy goal.

3. Less discriminatory alternative: Even if the disparate impact is justified, the plaintiff can nevertheless prevail if they
demonstrate that there is an alternative feasible policy with less adverse impact on the minority group.

Risk-adjusted regression is concerned with the second element, namely, whether the adverse impact has some legitimate policy
justification.

As discussed in the main text, the standard statistical test for disparate treatment is a “kitchen sink” regression, where one
examines the residual explanatory power of protected group status after including all other available covariates as controls.
Because it obscures the distinction between legitimate bases for differences in decisions and distinctions which are actually
unrelated to the putative policy goal, “kitchen sink” regression is generally an inappropriate empirical method for measuring
disparate impact. To assess claims of unjustified disparate impact, in, for example, Griggs, one would ideally compare decision
rates for similarly qualified groups of applicants (e.g., similarly qualified White and Black candidates), rather than the more
fine-grained comparison of applicants who are “similarly situated”—that is, generally similar, including in regards unrelated to
their qualification. In general, effecting this comparison merely through the inclusion and exclusion of different regression
covariates is difficult: If one does not, or cannot, adjust for sufficiently many covariates, omitted-variable bias may skew results;
conversely, if one does adjust for a rich set of covariates, included-variable bias may corrupt conclusions.1

1A related body of work conceptualizes discrimination as race-specific differences in decision error rates (8–12). For example, one might consider differences in loan rejection rates between White and Black
applicants who in reality would repay their loans (i.e., a counterfactual false negative rate). Recent work, however, has observed that by conditioning on ex post (potential) outcomes—as opposed to ex ante
risk, as we do—such approaches suffer from inframarginality and associated statistical issues, rendering them problematic measures of common legal and policy understandings of discrimination (13–16).
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1.B. A formal illustration of included-variable bias. We give a simple formal illustration of included-variable bias in the context
of Griggs v. Duke Power Co. Consider the following data-generating process, depicted by the DAG below.

E
Experience

A
Promotion

H
H.S. Degree

C
Race

ρ

Here, C indicates the race of an employee, with C = 0 representing a White employee and C = 1 a Black employee; and H
indicates whether an employee has a high-school degree. We assume that H and C have a joint distribution given by

Pr(H = 1, C = 1) = Pr(H = 0, C = 0) = 1 + ρ

4 , Pr(H = 1, C = 0) = Pr(H = 0, C = 1) = 1− ρ

4 .

In particular, it follows that both H and C are marginally Bern( 1
2 ) with correlation ρ, −1 < ρ < 1. Importantly, we need not

assume that race C “causes” an employee to have a high school degree but only that race and having a high school degree
have some correlation ρ (although, in this particular example, a causal mechanism like discriminatory enrollment policies is
plausible).

Further, E ∼ Unif(0, 1) denotes an employee’s level of experience, interpreted as the proportion of employees who have been
employed for less time than them. Finally, by A, we denote whether the employee was promoted. Recalling the details of
Griggs, we assume that

Pr(A = 1 | E, H) = E ·H.

That is, only employees with high school degrees are promoted, and their probability of promotion depends on their experience.
A natural quantity to consider is the average difference in promotion rates for “similarly situated” Black and White

employees—that is, the average difference in promotion rates for employees with the same experience level and high school
degree. In this case, it is straightforward to show that

E[Pr(A = 1 | E, H, C = 1)− Pr(A = 1 | E, H, C = 0)] = 0. [6]

Since race does not factor into promotion decisions, the average difference in hiring rates for similarly situated Black and White
employees is zero, suggesting an absence of disparate treatment. However, if, following the Court’s reasoning in Griggs, one
were to consider the average difference in promotion rates for employees with the same experience level—regardless of whether
they had a high school degree—one would obtain

E[Pr(A = 1 | E, C = 1)− Pr(A = 1 | E, C = 0)] = ρ

2 . [7]

Following the facts of Griggs, we expect ρ < 0, indicating that Black employees are less likely than White employees to have
attained a high-school degree. As a result, as shown in Eq. (7), Black employees at the same level of experience are less
likely to be promoted. In particular, this estimand captures the disparate impact of the promotion policy. This stylized
example illustrates the importance of conditioning on the appropriate variables to avoid included-variable bias in studies of
discrimination. Here, high-school degree attainment is inappropriate to condition on because it has little relationship to job
performance.

Non-parametric estimands like those shown in Eqs. (6) and (7) can be statistically challenging to estimate in practice, so it
is common instead to use linear regression or other parametric models to approximate these estimands. Imagine if an analyst
were to fit a linear kitchen-sink regression model of A given experience level (E), high school degree (H), the interaction
between these two terms (E ·H), and race (C),

Pr(A = 1 | E, H, C) = β0 + βE · E + βH ·H + βE:H · E ·H + βC · C. [8]

Here, βC is typically interpreted as the magnitude of “discrimination.” In this example, β̂C tends to zero in large samples,
suggesting a lack of disparate treatment. But, despite fitting a correctly specified model of decisions, the analyst would fail to
detect the disparate impact of the hiring policy.

Imagine, instead, that the analyst regressed decisions only on years of experience (E) and race (C), as the Court indicated
they should, i.e.,

Pr(A = 1 | E, C) = β′
0 + β′

E · E + β′
C · C. [9]

In this case, as with the non-parametric estimand in Eq. (7), β̂′
C tends to ρ

2 , reflecting the fact that it correctly captures the
disparate impact of the promotion policy. (In this specific example, the parametric and non-parametric estimands are identical,
but this is not always the case.)

Following the Court’s ruling, we have assumed that any use of education is unjustified, while use of experience is justified
when making promotion decisions. As a result, the key expression of interest is that given in Eq. (7), which quantifies disparities
in decision rates after conditioning on experience (E) alone. In practice, however, all covariates are usually at least weakly
informative about one’s qualifications. In the context of Griggs, high school degree attainment, even among employees with the
same level of experience, is likely at least somewhat predictive of job performance. The more general definition in Eq. (1)
provides one useful way of conceptualizing disparate impact in this more realistic setting.

1.C. Proofs. We begin by proving the results for the parametric formulation in Eqs. (8) and (9), and then use the parametric
results to prove the non-parametric claims given in Eqs. (6) and (7).
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1.C.1. Linear Regression Formulation. Recall that the OLS coefficient estimates are given in this case by
n∑

i=1


1 Ei Hi Ei ·Hi Ci

Ei E2
i Ei ·Hi E2

i ·Hi Ei · Ci

Hi Ei ·Hi H2
i Ei ·H2

i Hi · Ci

Ei ·Hi E2
i ·Hi Ei ·H2

i E2
i ·H2

i Ei ·Hi · Ci

Ci Ei · Ci Hi · Ci Ei ·Hi · Ci C2
i




−1
n∑

i=1


Ai

Ei ·Ai

Hi ·Ai

Ei ·Hi ·Ai

Ci ·Ai




Note that because of the matrix inversion, we can divide both sums by n. Therefore, applying the continuous mapping theorem
and the strong law of large numbers, we see that this converges to

1 E[E] E[H] E[E ·H] E[C]
E[E] E[E2] E[E ·H] E[E2 ·H] E[E · C]
E[H] E[E ·H] E[H2] E[E ·H2] E[H · C]

E[E ·H] E[E2 ·H] E[E ·H2] E[E2 ·H2] E[E ·H · C]
E[C] E[E · C] E[H · C] E[E ·H · C] E[C2]


−1 

E[A]
E[E ·A]
E[H ·A]

E[E ·H ·A]
E[C ·A]

 .

Now, recalling the joint and marginal distributions of these variables, we have that

E[E] = 1
2 , E[H] = 1

2 , E[C] = 1
2 .

Moreover,
E[E2] = 1

3 , E[H2] = 1
2 , E[C2] = 1

2 .

By the definition of covariance,

ρ = E[H · C]− E[H] · E[C]√
Var(H) ·Var(C)

=
E[H · C]− 1

4√
1
4 ·

1
4

= 4 · E[H · C]− 1,

whence E[H · C] = ρ+1
4 . By independence,

E[E ·H] = E[E] · E[H] = 1
4 , E[E · C] = E[E] · E[C] = 1

4 ,

E[E2 ·H] = E[E2] · E[H] = 1
6 , E[E ·H2] = E[E ·H] = 1

4 ,

E[E2 ·H2] = E[E2 ·H] = 1
6 , E[E ·H · C] = E[E] · E[H · C] = ρ + 1

8 ,

Finally,

E[A] = E[E[A | E, H]] E[E ·A] = E[E[E ·A | E, H]]
= E[E ·H] = E[E2 ·H]

= 1
4 , = 1

6 ,

E[H ·A] = E[E[H ·A | E, H]] E[E ·H ·A] = E[E[E ·H ·A | E, H]]
= E[E ·H2] = E[E2 ·H2]

= 1
4 , = 1

6 ,

E[C ·A] = E[E[C ·A | E, H, C]]
= E[E ·H · C]

= ρ + 1
8 .

Thus, we have that 
1 E[E] E[H] E[E ·H] E[C]

E[E] E[E2] E[E ·H] E[E2 ·H] E[E · C]
E[H] E[E ·H] E[H2] E[E ·H2] E[H · C]

E[E ·H] E[E2 ·H] E[E ·H2] E[E2 ·H2] E[E ·H · C]
E[C] E[E · C] E[H · C] E[E ·H · C] E[C2]


−1
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equals 

1 1
2

1
2

1
4

1
2

1
2

1
3

1
4

1
6

1
4

1
2

1
4

1
2

1
4

ρ + 1
4

1
4

1
6

1
4

1
6

ρ + 1
8

1
2

1
4

ρ + 1
4

ρ + 1
8

1
2



−1

=



7ρ+9
ρ+1 −12 − 6ρ+8

ρ+1 12 − 2
ρ+1

−12 24 12 −24 0

− 6ρ+8
ρ+1 12 12ρ2−16

ρ2−1 −24 4ρ
ρ2−1

12 −24 −24 48 0

− 2
ρ+1 0 4ρ

ρ2−1 0 − 4
ρ2−1


and so the OLS regression coefficients converge almost surely to



7ρ+9
ρ+1 −12 − 6ρ+8

ρ+1 12 − 2
ρ+1

−12 24 12 −24 0

− 6ρ+8
ρ+1 12 12ρ2−16

ρ2−1 −24 4ρ
ρ2−1

12 −24 −24 48 0

− 2
ρ+1 0 4ρ

ρ2−1 0 − 4
ρ2−1





1
4
1
6
1
4
1
6

ρ + 1
8


=



0

0

0

1

0


.

On the other hand, if the analyst were to drop high school graduation from their regression, then we would have that the
regression coefficients converge almost surely to

[ 1 E[E] E[C]
E[E] E[E2] E[E · C]
E[C] E[E · C] E[C2]

]−1 [ E[A]
E[E ·A]
E[C ·A]

]
=


1 1

2
1
2

1
2

1
3

1
4

1
2

1
4

1
2



−1 

1
4
1
6

ρ + 1
8


=


−ρ

4
1
2
ρ

2


.

1.C.2. Non-Parametric Formulation. Recall the two different non-parametric estimands:

E[E[A | E, H, C = 1]− E[A | E, H, C = 0]]

and
E[E[A | E, C = 1]− E[A | E, C = 0]].

We note that in the first case, since E[A | E, H, C] = E ·H, we have that

E[E[A | E, H, C = 1]− E[A | E, H, C = 0]] = E[E ·H − E ·H] = 0.

In the second case, using the expectations calculated above, we have that

E[A | E, C = c] = E[A | E, H = 1, C = c] · Pr(H = 1 | E, C = c)
+ E[A | E, H = 0, C = c] · Pr(H = 0 | E, C = c)

= E · Pr(H = 1 | E, C = c)
= E · Pr(H = 1 | C = c)

= E · E[H · 1(C = c)]
E[1(C = c)]

= E ·
1−(−1)c·ρ

4
1
2

= E · 1− (−1)c · ρ
2 .
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Here we have used the fact that A = 0 when H = 0 in the second equality, the independence of E from H and C in the third,
and various expectations calculated above in the remaining equalities. Thus, it follows that

E[E[A | E, C = 1]− E[A | E, C = 0]] = E
[
E · 1 + ρ

2 − E · 1− ρ

2

]
= E[E · ρ] = ρ

2 .

This exactly equals β′
C in Eq. (9).
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2. Sensitivity analysis

In the following appendix, we develop our method for gauging the sensitivity of risk-adjusted regression to omitted-variable
bias in the analyst’s risk estimates. We discuss this sensitivity analysis in two parts. First, in Section 2.A, we motivate our
approach to sensitivity analysis in risk-adjusted regression, more carefully introducing our formal setting, and laying out the key
mathematical results underpinning our method. Then, in Section 2.B, we prove our method’s correctness and derive bounds on
its complexity and the accuracy of the approximations it makes use of.

2.A. Introduction.

2.A.1. Formal Setup. We model the data-generating process as consisting of draws of tuples (X, X̃, C, W, A) where X ∈ X , X̃ ∈ X̃ ,
C ∈ {1, . . . , m}, W ∈ {0, 1}, and A ∈ {0, 1}. Here A is a binary decision (either human or algorithmic), X is the set of
covariates on which that decision is based, and C represents membership in some protected class. The binary variable W
represents a latent property of interest to the decision maker—discussed further below. However, we assume the decision is
made based on X alone, i.e.,

A ⊥⊥W | X.

Finally, we assume that an analyst observes the tuple (X̃, C, A, A ·W ), based on which they seek to estimate disparate impact
in the decision process. Here X̃ represents an alternative set of covariates available to the analyst that may differ from X in
arbitrary ways. Additionally, the term A ·W reflects the fact that W is only observed by the analyst when action A = 1 occurs.
As noted in the main text, this general mathematical framework applies to a wide variety of policy contexts in which a decision
maker, based on partial information X, aims to make a decision A targeting some binary outcome W .

2.A.2. Overview. Our definition of disparate impact in Eq. (2) depends on the true risks, Ri. But, in practice, analysts observe
only partial information on X and W , and so at best can construct only imperfect estimates of risks, R̂i. For instance, in our
running police example, officers might base search decisions in part on subtle behavioral cues that are not documented in the
data; and analysts typically would not know whether individuals who were not searched were in fact carrying a weapon. In
Section 3, in the main text, we discuss various approaches to estimating risk in light of these challenges. Whatever approach
one adopts, the accuracy of one’s conclusions depends critically on the accuracy of one’s estimates of risk. To address this issue,
we develop a novel sensitivity analysis (implemented in the rar R package on CRAN) that draws inspiration from methods for
sensitivity analysis popular in the causal inference literature (17, 18)—though we emphasize that our framework does not itself
involve estimating causal effects.

To start, we recall Eq. (5), in which we assumed that there is a known constant ϵ ≥ 0 such that

1
n

n∑
i=1

|Ri − R̂i| ≤ ϵ;

that is, that the true risks and the estimated risks differ on average by at most ϵ.2 Given this assumption, the goal of our
sensitivity analysis is to understand how different our estimate of disparate impact, β̂j − β̂1, could be if we had access to the
true risk Ri instead of the estimated risk R̂i. In practice, an analyst would examine the robustness of conclusions to different
choices of ϵ.

We could attempt to bound our estimate of disparate impact by searching over all possible choices of Ri satisfying the
constraint in Eq. (5). But such an approach is overly conservative, as the observed data themselves rule out possible values
of Ri. In our policing example, for instance, we expect the average true risk of searched individuals to approximately equal
the proportion of searched individuals carrying a weapon. Since, by assumption, the observed data tell us about this latter
quantity, they constrain the possible risk distributions we must consider.

To formalize our approach, a key quantity to consider is the average (true) risk on each stratum,

1
nj,a

∑
i∈Sj,a

Ri, [10]

where
Sj,a = { i : Ci = j, Ai = a }, nj,a = |Sj,a|,

i.e., Sj,a denotes the stratum containing all those individuals in group j for whom the decision maker took action a, and nj,a is
its size. By the law of large numbers, the average risk on stratum Sj,a is approximated by E[R | C = j, A = a]. Further,

E[R | C = j, A = a] = E[E[W | X] | C = j, A = a]
= E[E[W | X, C, A] | C = j, A = a]
= E[W | C = j, A = a],

2These differences could arise due to either measurement or modelling error. However, since measurement error tends to vanish as the sample size increases, it is less of a concern, and is better captured
through bootstrapped bounds on the sensitivity analysis, as we discuss below.

Jongbin Jung, Sam Corbett-Davies, Johann D. Gaebler, Ravi Shroff, and Sharad Goel 7 of 49

https://cran.r-project.org/package=rar


where the first equality follows by definition; the second from A ⊥⊥ W | X if we assume that C is a function of X; and the
third by the law of iterated expectations. When A = 1, by our assumption in Section 2, the above quantity is identified by data
available to the analyst. In particular, in our policing example, a consistent estimator of E[W | C = j, A = 1] is the proportion
of searched individuals possessing a weapon, among those individuals belonging to group j. We denote by ρj the analyst’s
estimate of E[W | C = j, A = 1] based on the observed data.3

Finally, putting the pieces together, for each particular j∗ we seek the largest and smallest values of β̂j∗ − β̂1, as estimated
with Ri, subject to two key constraints: (1) the average absolute deviation between Ri and R̂i is less than ϵ; and (2) Ri is
consistent with the observed data on each stratum Sj,1. This is succinctly expressed as an optimization problem (henceforth
“the base problem”):

Optimize
R∈Rn

β̂j∗ − β̂1

s.t. 1
n

∑n

i=1 |Ri − R̂i| ≤ ϵ

1
nj,1

∑
i∈Sj,1

Ri = ρj , (j = 1, . . . , m)
Ri ≤ ui, (i = 1, . . . , n)
Ri ≥ ℓi, (i = 1, . . . , n)

[11]

where, by “Optimize,” we simply mean both maximize and minimize, and R̂i and ρj are fixed by the data as discussed above.4
The additional upper and lower bounds on Ri arise from the fact that the risks must be probabilities, i.e., 0 ≤ Ri ≤ 1, though
our approach accommodates tighter, individual-specific bounds ℓi ≤ Ri ≤ ui set by the analyst.

Below, we give a polynomial time approximation to the solution of the base problem when the constraints are “sortable.”
Sortability is a mild hypothesis which holds in the typical case, ℓi = 0 and ui = 1 for all i. It also holds if, e.g., ℓi and ui differ
from R̂i by the additive constant Γ on the log odds scale, as is common in many kinds of sensitivity analysis (e.g., 20).
Definition S1 (Sortability). We say that the constraints are sortable if there exists a permutation π of {1, . . . , n} such that
R̂π(1) ≤ . . . ≤ R̂π(n), ℓπ(1) ≤ . . . ≤ ℓπ(n), and uπ(1) ≤ . . . ≤ uπ(n).

There are two main obstacles to solving the base problem above. First, the dimension of the search space is n−m, where n
is the number of observations and m is the number of groups. Second, the regression coefficients β̂j are non-convex functions of
the true risk vector R = (R1, . . . , Rn). Addressing these twin challenges involves a detailed analysis of the underlying geometry
of the problem. Here we present an outline of our approach that illustrates the key ideas, with the full exposition in SI 2.B.

It is useful to think of the base problem as an optimization over subproblems (henceforth “the parameterized problem”)
where the average (true) risk is assumed known and equal to some τj for unobserved strata Sj,0 as well. Using the closed form
of OLS regression, we can show that solving the parameterized problem reduces to—although is not equivalent to—solving the
following optimization problem (henceforth “the simplified problem”):

Optimize
R∈Rn

1
n

n∑
i=1

R2
i

s.t. 1
n

∑n

i=1 |Ri − R̂i| ≤ ϵ,
1

nj,1
·
∑

i∈Sj,1
Ri = ρj , (j = 1, . . . , m)

1
nj,0
·
∑

i∈Sj,0
Ri = τj , (j = 1, . . . , m)
Ri ≤ ui, (i = 1, . . . , n)
Ri ≥ ℓi. (i = 1, . . . , n)

[12]

An efficient method for solving the simplified problem then yields an efficient method for solving the base problem simply by
searching over this much smaller m-dimensional parameter space of (τ1, . . . , τm). In practice, m typically equals two or three,
and so this final optimization step can be solved either using a grid search, as we do in Section 3, or using other optimization
techniques for low-dimensional non-convex problems.

The objective of the simplified problem, 1
n

∑n

i=1 R2
i , is convex, as are the other constraints on R, and so, in principle,

minimization in the simplified problem can be achieved efficiently and accurately using interior-point methods (21). However,
by carefully examining the KKT conditions (22, 23), it is possible to see that the minimizing risk vector must adhere to a
special form, which we term “minimization normal form.” Specifically, there exist thresholds tlwr

j,a and tupr
j,a for each stratum such

that the minimizing Ri is obtained by “pulling up” low estimated risks to tlwr
j,a , “pulling down” high estimated risks to tupr

j,a , and
leaving unchanged intermediate risks. An example of a risk vector in minimization normal form is shown in Figure S1.

This observation reduces the dimension of the search space from n− 2m to 2m; that is, by the above, one need only search
over the 2m thresholds. One can, however, do better. A careful examination of the KKT conditions reveals that while the

3One might alternatively estimate E[W | C = j, A = 1] by the average estimated risks on the stratum, namely 1
|Sj,1| ·

∑
i∈Sj,1

R̂i . This alternative, which we adopt in our empirical analysis in

Section 3, has the interpretive advantage that our sensitivity analysis exactly recovers the original analysis when ϵ = 0. In cases where risk is not conditioned on C, then true risks need not be calibrated
within groups. As a result, the average estimated risk may approximate the average true risk less well. For instance, this might be the case when decision makers are legally prohibited from considering race.
In our policing example, however, the estimated risks are essentially unchanged by the exclusion or inclusion of race, suggesting that the impact of potential miscalibration is small.

4 It may seem inappropriate to fix the average risks on the observed stratum Sj,1 to be exactly ρj , since ρj is estimated with error. One could instead allow ρj to vary within some range (e.g., a 95%
confidence interval), solving the parameterized problem for various ρj as well as τj , as detailed below. However, doing so doubles the dimension of the search space, which is computationally costly, and
does not fully take advantage of available information about the distribution of the estimation error. A more principled and computationally feasible approach to dealing with estimation error is to bootstrap
confidence intervals for the bounds following Zhao et al. (19), as we do in Section B below, where ρj is re-estimated in each bootstrapped resample, and the base problem is solved with corresponding
equality constraints.
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R = 0

R = 1

tlwr
a,j

tupr
a,j

∆

Fig. S1. Minimization normal form. Black dots represent estimated risks R̂i, the error bars represent the allowable range [ℓi, ui], and red dots indicate the corresponding
value of the normal form vector Ri. Here ∆ denotes the gap between the upper and lower thresholds.

thresholds tlwr
j,a and tupr

j,a may vary by stratum, the gap between them ∆ = tupr
j,a − tlwr

j,a must be the same across strata. Moreover,
once ∆ is fixed, the thresholds tlwr

j,a and tupr
j,a are determined by the strata-specific average risks ρj and τj . As a result, finding

the minimizing risk vector for the simplified problem reduces to optimizing over a single parameter, ∆, which, in our setting,
can be done very efficiently. In particular, we give an O(n · log(m)) algorithm that finds the exact solution.

Maximization requires more care, since the maximization problem is non-convex, and the general problem of maximizing a
quadratic objective over a convex set is NP-hard (24). Using a similar, but more delicate, version of the techniques used to
minimize the simplified problem, we give an O(m · (ϵ/γ)2 + n)-time algorithm for approximating the maximum of the simplified
problem. The key steps described above for optimizing the base problem are given in Algorithm 1.

Putting these results together, we have the following theorem, the proof of which constitutes the majority of SI 2.B.
Theorem S2. Suppose the constraints are sortable. Consider Algorithm 1 with step-size parameters η and γ and maximum
average absolute deviation ϵ. Let δ∗ denote the true optimum of the base problem, and let δ† denote the value of the objective
returned by Algorithm 1. Then, there exists a constant c0 such that Algorithm 1 runs in time at most

c0 ·
(
n · log(n) + m/γ2) · η−m.

Moreover, there exists a constant c1 and a problem-specific constant V (ϵ) (i.e., depending on R̂i, ℓi, ui, and ϵ) such that

|δ∗ − δ†| ≤ c1 · (η + mγ)
V (ϵ)2 .

Here η denotes the step size of a grid search over average risks of the unobserved strata, and γ denotes the step size of a
discrete grid of values of ϵ in the maximization routine. We take η = 0.05 p.p. and γ = 0.01 p.p. in Section 3. We give the
definition of V (ϵ) in Eq. (35) in SI 2.B. Roughly, V (ϵ) is related to the within-group variance of the estimated risks V ,

V = 1
n

m∑
j=1

nj ·Var
(
(R̂i)i∈Gj

)
.

In particular, V (ϵ) ≥ V − 4ϵ. Moreover, V (ϵ) is positive whenever the base problem has a finite solution. In our principal
application, it takes a few seconds on standard hardware for the algorithm to run for 100 values of ϵ with m = 3 race groups
and n > 106 observations with negligible approximation error.

2.A.3. Comparison with other methods. As we note above, our approach to sensitivity analysis for risk-adjusted regression is related
to sensitivity analysis methods developed in the causal inference literature, particularly to recent work on L2 sensitivity
bounds (25, 26). Our approach, however, is distinct in important ways that make it uniquely advantageous in our setting.
First, methods for sensitivity analysis in the causal inference literature that can be adapted to our setting often involve a
large number of parameters—making them difficult to credibly calibrate—or require parametric assumptions on the form of
the confounding itself (e.g., 17, 18, 20). In contrast, the single parameter in our sensitivity analysis—ϵ, the average absolute
deviation between the true and estimated risks—is straightforward to reason about and explain, particularly to policymakers
or other non-technical stakeholders.

The popular sensitivity analysis developed by Cinelli and Hazlett (27), which makes use of two sensitivity parameters,
readily conforms to the linear estimation strategy in Eq. (3). In our setting, it gauges how much β̂j∗ − β̂1 changes between the
following two regression specifications:

m∑
j=1

β̂j · 1(Ci = j) + β̂R̂ · R̂i and
m∑

j=1

β̂j · 1(Ci = j) + β̂R̂ · R̂i + β̂R ·Ri.
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Algorithm 1 (Sensitivity analysis)
Input: The estimated risk vector R̂, the lower and upper bounds ℓ and u, the average absolute difference ϵ, and the step-size
parameters η and γ.
Output: The minimum and maximum values of β̂j − β̂1 for all groups j = 2, . . . , m.

1: Set ρj ← 1
|Sj,1| ·

∑
i∈Sj,1

R̂i for j = 1, . . . , m

2: Generate a grid of (τ1, . . . , τm) with step size η
3: repeat
4: Calculate R∗

min minimizing the simplified problem with ρ1, . . . , ρm and τ1, . . . , τm

5: Calculate R∗
max maximizing the simplified problem to within 2mγ with ρ1, . . . , ρm and τ1, . . . , τm

6: Calculate β̂j − β̂1 using both R∗
min and R∗

max
7: until The grid of (τ1, . . . , τm) is exhausted
8: return The largest and smallest differences β̂j − β̂1 observed for all j = 2, . . . , m

However, the sensitivity analysis’s goal is to compare the former specification to the “true” regression specification in Eq. (3),∑m

j=1 β̂j ·1(Ci = j) + β̂R ·Ri. This can be effected when the coefficient β̂R̂ is zero in the latter specification, i.e., when decisions
(A) are independent of estimated risk (R̂) given true risk (R) and group membership (C).5 This assumption is implausible,
though, when the influence of various factors on decision makers deviates from the factors’ actual connection to risk, typically
the key concern in studies of disparate impact.6

Other existing sensitivity methods that do involve a single parameter would, if suitably adapted to our setting, be
parameterized in terms of an L∞-bound Γ on the log odds ratio between true and estimated risks (e.g., 19, 28). However, in
realistic models of confounding, the change in the odds ratio typically cannot be bounded in this way for all units: some—
potentially very small—set of units will have an estimated risk of approximately 0 but a true risk of approximately 1 or vice
versa. As a result, one may need to set Γ to be very large to strictly satisfy the assumptions of the approach, yielding sensitivity
bounds that are, in practice, quite conservative. More recent methods involving L2 bounds avoid this problem (25, 26), but
would not yield tight bounds on the estimand of interest in our setting.

2.B. Theory. In what follows, we formally justify the sensitivity analysis laid out in SI 2.A, deriving algorithms to efficiently
solve the optimization problem it gives rise to and rigorously verifying their correctness and run-times. This discussion is
structured in four parts. In the first part, by introducing a new low-dimensional family of parameters, we show how to reduce
the base optimization problem of Eq. (11) into the simplified problem of Eq. (12). In the second and third parts, we show how
to efficiently find the minimum and maximum values of the simplified optimization problem, respectively. Finally, in the fourth
part, we prove bounds on the quality of the approximation.
Remark S3. In SI 2.A, for expositional clarity, we parameterized our optimization problems in terms of average risks. However,
it is mathematically more natural to work with the total risks. Therefore, throughout this appendix we let ρj and τj denote the
total risk in each stratum, i.e., we rewrite the relevant constraints of the base problem and the simplified problem as follows:∑

i∈Sj,1

Ri = ρj ,
∑

i∈Sj,0

Ri = τj .

2.B.1. Simplifying the objective. To simplify the optimization problem in Eq. (11), we can avail ourselves of the fact that OLS has
a closed-form solution. We augment the notation in SI 2.A above as follows:

Gj = Sj,0 ∪ Sj,1 = { i : Ci = j },

i.e., Gj denotes the set of indices belonging to the j-th group.

Lemma S4. Let nj = |Gj | > 0 denote the number of individuals in the j-th group; let σj denote the search rate in group j,
i.e., σj = 1

nj

∑
i∈Gj

Ai; and let rj and tj denote

rj =
∑

i∈Sj,1

Ri, tj =
∑

i∈Sj,0

Ri,

i.e., the total risk of the searched and unsearched individuals belonging to the j-th group, respectively.
5Strictly speaking, it is required that the residuals of R̂ and A, when regressed against R and C, must be uncorrelated, a mathematically weaker condition that the independence assumption implies.
6As a simple example, suppose officers over-weight certain factors like “furtive movements” that are relatively uninformative about risk, as discussed in the main text. In this case, individuals who made

furtive movements would be over-represented in the frisked population, relative to their risk. Consequently, in the more limited data available to the analyst, furtive movements would likely be associated with
a lower chance of possessing a weapon, all else equal. Thus, conditional on true risk R and group C, individuals with lower predicted risks R̂ would have greater odds of having engaged in furtive
movements. Since officers over-weight furtive movements when making frisk decisions, lower predicted risk would consequently be associated with a higher chance of having been frisked, even conditional
on R and C.
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If Ri is constant within each of the m groups, then the OLS estimate need not exist due to collinearity. Otherwise, the OLS
estimate of the coefficients β̂ in Eq. (3) satisfies

β̂ =


σ1
...

σm

0

+
1
n

[∑m

j=1 σj · tj − (1− σj) · rj

]
1
n

[∑n

i=1 R2
i −
∑m

j=1
(rj +tj )2

nj

]


r1+t1
n1
...

rm+tm
nm

−1

 . [13]

Proof. Recall that our design matrix and outcome variables take the form

X =

1(C1 = 1) . . . 1(C1 = m) R1
...

. . .
...

...
1(Cn = 1) . . . 1(Cn = m) Rn

 , Y =

A1
...

An

 .

The OLS estimate of the coefficients β̂ is then simply (X⊤X)−1X⊤Y.
Note that by definition, we have that

X⊤X =


n1

∑
i∈G1

Ri

. . .
...

nm

∑
i∈Gm

Ri∑
i∈G1

Ri . . .
∑

i∈Gm
Ri

∑n

i=1 R2
i

 =


n1 r1 + t1

. . .
...

nm rm + tm

r1 + t1 . . . rm + tm

∑n

i=1 R2
i

 .

Similarly,

X⊤Y =


∑

i∈G1
Ai

...∑
i∈Gm

Ai∑n

i=1 Ri ·Ai

 =


n1 · σ1

...
nm · σm∑m

j=1 rj

 .

Note that X⊤X has the form [
D v⊤

v
∑n

i=1 R2
i

]
,

where D is diagonal. Then, we see that since D is invertible, it follows that X⊤X is invertible if the Schur complement of the
D is invertible, i.e., non-zero; that is, if

n∑
i=1

R2
i −

m∑
j=1

(rj + tj)2

nj
̸= 0.

Recalling the definitions of rj and tj , we see that the left-hand expression equals
m∑

j=1

∑
i∈Gj

(
Ri −

rj + tj

nj

)2

=
m∑

j=1

nj ·Var
(
(Ri)i∈Gj

)
.

Now, the variance of a set is only zero if all the elements of the set are equal, i.e., if for all i ∈ Gj , Ri equals the average risk in
that group, rj +tj

nj
.

Assume this is not the case, i.e., that X⊤X is invertible. Since X⊤X is an arrowhead matrix, we can invert it using the
Sherman-Morrison formula. In particular, we obtain that

(X⊤X)−1 =


1

n1
. . .

1
nm

0

+ 1∑n

i=1 R2
i −
∑m

j=1
(rj +tj )2

nj


r1+t1

n1
...

rm+tm
nm

−1




r1+t1
n1
...

rm+tm
nm

−1


⊤

. [14]

Combining this with the expression derived for X⊤Y above and dividing the numerator and denominator of the scalar term by
n yields that

β̂ =


σ1
...

σm

0

+
1
n

[∑m

j=1 σj · tj − (1− σj) · rj

]
1
n

[∑n

i=1 R2
i −
∑m

j=1
(rj +tj )2

nj

]


r1+t1
n1
...

rm+tm
nm

−1

 . [15]
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We note that Lemma S4 provides the following useful condition on when the base problem has a meaningful solution:

Corollary S5. The maximum and minimum values of the base problem are both finite if and only if it is not the case that
ℓi ≤ ρj ≤ ui for all i ∈ Gj and j = 1, . . . , m, and in addition

1
n

m∑
j=1

∑
i∈Gj

∣∣∣∣R̂i −
ρj

nj,1

∣∣∣∣ ≤ ϵ.

Proof. The proof follows immediately from noting that since the averages of the risks on the observed strata Sj,1 are fixed at
ρj , the risks for the whole j-th group can only all be equal if the risks of the observed and the unobserved individuals are
uniformly equal to ρj .

The following corollary completes the simplification of the optimization problem in Eq. (11) in the case where the average
true risk in the unobserved strata is also assumed known (“the parameterized problem” of SI 2.A),7 i.e., of

Optimize
R∈Rn

β̂j∗ − β̂1

s.t. 1
n

∑n

i=1 |Ri − R̂i| ≤ ϵ,∑
i∈Sj,1

Ri = ρj , (j = 1, . . . , m)∑
i∈Sj,0

Ri = τj , (j = 1, . . . , m)
Ri ≤ ui, (i = 1, . . . , n)
Ri ≥ ℓi. (i = 1, . . . , n)

[16]

Corollary S6. The optimal solutions of the parameterized problem in Eq. (16), if they are both well-defined, are also the
optimal solutions of the simplified problem in Eq. (12).

Proof. Let β̂ be as in Eq. (3), and rj and tj as in Lemma S4.8 Then, it follows directly from Eq. (13) that we have that for all
R,

β̂j − β̂1 = σj − σ1 +
1
n

[∑m

j=1 σj · tj − (1− σj) · rj

]
1
n

[∑n

i=1 R2
i −
∑m

j=1
(rj +tj )2

nj

] (rj + tj

nj
− r1 + t1

n1

)
.

Since the constraints of the parameterized problem fix rj = ρj and tj = τj for all feasible R, the objective function of the
parameterized problem has the form

a + b

x− c
, [17]

where

a = σj − σ1,

b = 1
n

[
m∑

j=1

σj · τj − (1− σj) · ρj

]
·
(

ρj + τj

nj
− ρ1 + τ1

n1

)
,

c = 1
n

m∑
j=1

(ρj + τj)2

nj
,

x = 1
n

n∑
i=1

R2
i .

If b = 0, then the objective does not depend on R, and so there is nothing to prove. Otherwise, by continuity and the fact
that the feasible region is convex, and hence connected, and compact, the range of the objective in Eq. (12) over the feasible
region is a closed interval I. As shown in the proof of Lemma S4 and Corollary S5, x ≥ c, and x > c if the optima are both
well-defined. Consequently, we can assume the interval is strictly positive, i.e., I ⊆ (c,∞). The derivative of Eq. (17) exists
everywhere on I and is, moreover, non-zero and continuous, and so a + b

x−c
is strictly monotone on I. Therefore, the maximum

and minimum must occur at the endpoints, i.e., at the maximum and minimum values of x.

We note that since b is not guaranteed to be positive, the maximum of the simplified problem in Eq. (12) does not necessarily
correspond to the maximum of the base problem in Eq. (11) and vice versa.

7See Remark S3 above for the slight difference in notation between here and SI 2.A.
8 In particular, strictly speaking, β̂, rj , and tj should be written β̂(R), rj (R), and tj (R), since they depend on R.
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2.B.2. Minimization. In the case of minimization, the simplified problem in Eq. (12) defines a convex optimization problem, which,
as noted in SI 2.A above, can consequently be solved efficiently using standard interior-point methods. However, these results
can be improved in a problem-specific way to yield a simpler, and, in practice, more computationally tractable method of
finding exact solutions. Moreover, they parallel the solution method for maximization, which is not a convex problem, and
hence to which standard interior point methods cannot be applied.

Optimizing over a single stratum We begin by solving a simpler version of the problem, where we restrict to a single stratum. In
the case of minimization—as in the case of maximization, as we show below—solutions to the minimization problem must be in
a certain normal form. While searching over all risk vectors is prohibitively difficult, searching over normal form risk vectors
can be done straightforwardly in linear time.
Definition S7 (Minimization normal form). We say that a risk vector R is in minimization normal form if there exist thresholds
tlwr
a,j and tupr

a,j such that for i ∈ Sj,a,

Ri =


min(ui, tlwr

a,j ) R̂i ≤ tlwr
a,j ,

R̂i tlwr
a,j ≤ R̂i ≤ tupr

a,j ,

max(ℓi, tupr
a,j ) tupr

a,j ≤ R̂i,

and, in addition, tupr
a,j − tlwr

a,j is equal to some ∆ for all a = 0, 1 and j = 1, . . . , m.
In the context of a single stratum, we refer to tupr and tlwr for notational simplicity. We also assume that Sj,a = {1, . . . , n}

for the same reason.
Minimization normal form results from “pushing” R̂i up to tlwr or down to tupr as far as possible. An example of a risk

vector in minimization normal form is shown in Figure S1. As the name suggests, risk vectors minimizing the objective must
be in minimization normal form.

Lemma S8. Consider the optimization problem (“the single stratum minimization problem”)

Minimize
R∈Rn

1
n

n∑
i=1

R2
i

s.t. 1
n

∑n

i=1 |Ri − R̂i| ≤ ϵ,∑n

i=1 Ri = µ,
Ri ≤ ui, (∀i)
Ri ≥ ℓi. (∀i)

[18]

Suppose that R∗ is a minimizer. Then, R∗ is unique and in minimization normal form. Moreover, R∗ exhausts the L1 budget,
in the sense that either 1

n
∥R∗ − R̂∥1 = ϵ or tlwr = tupr.

Proof. The proof proceeds by examining the first-order KKT conditions to derive weak necessary conditions that solutions
must satisfy. These conditions are then strengthened to minimization normal form by directly comparing the objective function
at different points satisfying the weak conditions. Finally, we show that the minimum is the point satisfying the “strengthened”
conditions which is most distant from R̂, i.e., that exhausts the budget.

The problem is simplified by rewriting the first constraint as a collection of linear (and hence everywhere differentiable)
constraints. In particular, 1

n
∥R− R̂∥1 ≤ ϵ is equivalent to the 2n constraints of the form S⊤(R− R̂) ≤ ϵ ·n for all S ∈ {−1, 1}n.

We assume throughout, without loss of generality, that ℓi < ui.

Weak conditions Let ei denote the i-th standard basis vector and 1 =
∑n

i=1 ei. Note that:

• The gradient of the objective is 2
n
·R;

• The gradient of S⊤
k (R − R̂)− ϵ

n
, where {S1, . . . , S2n} = {−1, 1}n, is Sk;

• The gradient of
∑n

i=1 Ri is 1;

• The gradient of Ri − ui is ei;

• The gradient of ℓi −Ri is −ei.

The first-order necessary KKT conditions therefore require that9

2 ·R∗ − λ · 1 +
n∑

i=1

µ0,i · ei −
n∑

i=1

µ1,i · ei +
2n∑

k=1

νk · Sk = 0 [19]

for some arbitrary λ, and for non-negative µ0,i, µ1,i, and νk for k = 1, . . . , 2n satisfying complementary slackness, i.e., such
that µ0,i · (R∗

i − ui) = 0, µ1,i · (ℓi −R∗
i ) = 0, and νk · (S⊤

k (R∗ − R̂)− n · ϵ) = 0 for all i = 1, . . . , n and k = 1, . . . , 2n.
9For notational simplicity, we have multiplied through by n and absorbed constants into the corresponding Lagrange multipliers.
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These consequences allow us to prove the following weak characterization of R∗. Let ∆ =
∑2n

k=1 νk. Then, for all i,

R∗
i ∈
{

R̂i, ui, ℓi,
1
2 · [λ−∆], 1

2 · [λ + ∆]
}

. [20]

For, from Eq. (19), we get that

2 ·R∗
i − λ + µ0,i − µ1,i +

2n∑
k=1

νk · Sk,i = 0, [21]

where Sk,i refers to the i-th component of Sk. If R∗
i = R̂i, there is nothing to prove. Therefore, assume that R∗

i ̸= R̂i. We
note that by complementary slackness, νk > 0 only if Sk,i · (R∗

i − R̂i) ≥ 0 for all i = 1, . . . , n. For, supposing without loss of
generality that R∗

i > R̂i, if Sk,i · (R∗
i − R̂i) < 0, then, since Sk + 2ei ∈ {−1, 1}n, we would have that

(Sk + 2ei)⊤(R∗ − R̂) = ϵ · n + 2(R∗
i − R̂i) > ϵ · n,

which violates the constraints. Hence Sk,i = Sk′,i for all k and k′ such that νk, νk′ > 0. Therefore, our expression simplifies to

2 ·R∗
i − λ + µ0,i − µ1,i + ∆ · s = 0,

where s = ±1. By complementary slackness, if µ0,i > 0, then R∗
i = ui; if µ1,i > 0, then R∗

i = ℓi. Therefore, we need only
consider the case where µ0,i = µ1,i = 0, i.e., where

2 ·R∗
i − λ + s ·∆ = 0,

whence R∗
i = 1

2 [λ + s ·∆]. Therefore, for all i, Eq. (20) holds.

Strengthening conditions Next, we strengthen Eq. (20) to minimization normal form. First, we show that if R∗
i0 > R̂i0 and

R∗
i0 > R∗

i1 , then R∗
i1 = ui1 . For, suppose not. Then, there exists some δ > 0 such that (1) R∗

i0 − δ > R̂i0 , (2) R∗
i1 + δ < ui1 ,

and (3) R∗
i0 − δ > R∗

i1 . Define R′ = R∗ + δ · (ei1 − ei0 ). Then, we note that

∥R′ − R̂∥1 − ∥R∗ − R̂∥1 =
n∑

i=1

|R′
i − R̂i| − |R∗

i − R̂i|

= |R′
i0 − R̂i0 | − |R

∗
i0 − R̂i0 |+ |R

′
i1 − R̂i1 | − |R

∗
i1 − R̂i1 |

= (R∗
i0 − δ − R̂i0 )− (R∗

i0 − R̂i0 ) + |R∗
i1 + δ − R̂i1 | − |R

∗
i1 − R̂i1 |

≤ −δ + |R∗
i1 − R̂i1 |+ δ − |R∗

i1 − R̂i1 |
= 0,

so R′ satisfies the L1-distance constraint. Here, we have used the fact that both R∗
i0 and R∗

i0 − δ are greater than R̂i0 in the
third equality, and the triangle inequality in the inequality. The remaining constraints also hold by construction, so R′ is
feasible.

Since R′ is feasible, we will arrive at a contradiction if we can show that it achieves a smaller objective. However,
n∑

i=1

(R∗
i )2 − (R′

i)2 = (R∗
i0 )2 − ((R∗

i0 )2 + δ2 − 2 ·R∗
i0 · δ) + (R∗

i1 )2

− ((R∗
i1 )2 + δ2 + 2 · (R∗

i1 ) · δ) +
∑

i ̸=i0,i1

(R∗
i )2 − (R∗

i )2

= 2 · δ · (R∗
i0 −R∗

i1 − δ)
> 0,

where the inequality follows from the fact that R∗
i0 − δ > R∗

i1 . Therefore R∗ is not a minimum, contrary to hypothesis. In
exactly the same manner, we see that if R∗

i0 < R̂i and R∗
i1 < R∗

i0 , then R∗
i1 = ℓi1 .

To apply the claim, let slwr be the maximum R∗
i for i such that R∗

i > R̂i, and similarly for supr. Then, for all i such that
R∗

i < slwr, R∗
i = ui; similarly, where R∗

i > supr, R∗
i = ℓi. By Eq. (20), we must have that slwr ≤ supr, since otherwise there

would be some i such that R∗
i = ui and R∗

i = ℓi, which is impossible. Therefore, in particular, by construction, R∗
i = R̂i

whenever slwr < R∗
i < supr. Thus, taking tlwr = slwr and tupr = supr gives the desired normal form.

Uniqueness and budget exhaustion If the budget is not exhausted, then, by complementary slackness, νk = 0 for all k = 1, . . . , 2n,
whence ∆ = 0. This immediately implies that tlwr = tupr = 1

2 λ.
To see uniqueness, suppose that R(0) and R(1) are two distinct minima, both in normal form, with corresponding thresholds

tlwr
k and tupr

k for k = 0, 1. We note that since
∑n

i=1 R
(0)
i =

∑n

i=1 R
(1)
i = µ, we must have, without loss of generality, that

tlwr
0 ≤ tlwr

1 and tupr
0 ≥ tupr

1 , with at least one of the two inequalities strict. However, it follows that ∥R(0) − R̂∥1 < ∥R(1) − R̂∥1,
which is impossible by the preceding paragraph.

14 of 49 Jongbin Jung, Sam Corbett-Davies, Johann D. Gaebler, Ravi Shroff, and Sharad Goel



Lemma S8 suggests a natural algorithm for solving the optimization problem in Eq. (12): we can sweep over all possible risk
vectors in minimization normal form simply by sweeping over tlwr. In particular, as we increase tlwr, the sum constraint—i.e.,
that

∑n

i=1 Ri = µ—forces tupr to decrease so as to counterbalance it exactly.
More precisely, consider an index i to be “active” if one of the thresholds is between ℓi and ui. If klwr represents the number

of indices that are active because of tlwr—and kupr is also defined accordingly—then, locally, if we increase tlwr at unit rate, the
sum of the risks increases at the rate of klwr. Therefore, the rates of increase of the two thresholds, rlwr and rupr, must satisfy10

rlwr · klwr = rupr · kupr. [22]

In particular, we know that we have reached the minimum—and hence solved the optimization problem—once either the budget
has been exhausted or the two thresholds have become equal. For fixed rlwr and rupr, this would be straightforward to calculate;
however, these rates can, in principle, change whenever kupr and klwr change. We call these change points “distinguished
points”—that is, points at which a threshold t equals ℓi, R̂i, or ui for some i. Therefore, the algorithm consists of repeating
the following steps:

1. Determining the “next” distinguished point that either the lower or upper threshold will reach.

2. Checking whether the budget will be exhausted before that point is reached.

3. If not, advancing to that point and recalculating klwr or kupr as appropriate.

In addition, since
∑n

i=1 R̂i may not equal µ, a “preprocessing” step, where tlwr is increased or tupr is decreased may be needed
to find the “initial” risk vector in minimization normal form satisfying the sum constraint.

We make two observations about the informal algorithm sketch given above needed for its extension to the case of multiple
strata. First, we note that every risk vector R∗ in minimization normal form is the minimizer for the corresponding single
stratum minimization problem with ϵ = 1

n
∥R∗− R̂∥1 and µ =

∑n

i=1 R∗
i . Consequently, although intended to find the minimizer

for a specific ϵ, the algorithm sketched above actually sweeps over the minimizers for all possible ϵ. As a result, it is not any
harder to solve a single instance of the single stratum minimization problem than it is to solve it generally for all possible ϵ,
given some fixed µ. Secondly, while the natural way to parameterize the risk vectors in the discussion above is in terms of
tlwr, when optimizing over multiple strata, it is actually more natural to reparameterize the risk vectors in terms of the gap
∆ = tupr − tlwr. If in addition to Eq. (22) we impose the condition that rlwr + rupr = 1, so that ∆ decreases at a constant rate,
then we have that

rlwr = kupr

klwr + kupr , rupr = klwr

klwr + kupr . [23]

To solve the single stratum minimization problem across the whole range of possible ϵ, let R∆ be the unique solution we
can associate with a given gap ∆ between tlwr and tupr.11 Then, we can study two functions:

ϵ(∆) = ∥R∆ − R̂∥1, Σ(∆) =
n∑

i=1

R2
∆,i − R̂2

i .

By the preceding discussion we readily derive that ϵ(∆) is a piecewise linear function of ∆, whose slope at a given value of ∆ is
equal to12

K = 2 · klwr · kupr

klwr + kupr ,

and Σ(∆) is a piecewise quadratic function of ∆ satisfying

Σ(∆ + t) = Σ(∆) + klwr · [(tlwr + rlwr · t)2 − (tlwr)2] + kupr · [(tupr − rupr · t)2 − (tupr)2]
= Σ(∆) + klwr · rlwr · t · (rlwr · t + 2tlwr) + kupr · rupr · t · (rupr · t− 2tupr)

= Σ(∆)− 2 · klwr · kupr

klwr + kupr · (t
upr − tlwr) · t + klwr(kupr)2 + kupr(klwr)2

(klwr + kupr)2 · t2

= Σ(∆)−K∆t + K

2 t2,

as long as t is sufficiently small that the number of active indices does not change. It follows that ϵ(∆) and Σ(∆) are fully
determined by the following collections:

∆ = (∆1, . . . , ∆N ), 1 = ∆1 > · · · > ∆N = 0,

10 If either klwr or kupr is zero, then the corresponding threshold can be changed at any rate without affecting the sum constraint. (The rate of change for the other threshold will consequently be zero.)
However, this is because changing that threshold in this case does not actually change the risk vector, since no indices are active, and so we can ignore this case in the subsequent discussion.

11For every ∆ there is a unique R∆ . In particular, any other distinct risk vector in minimization normal form with the same gap must be strictly greater or lesser, as argued at the end of Lemma S8, meaning
that it cannot satisfy the sum constraint. However, the reverse is not necessarily true—that is, R∆ may equal R∆′ for ∆ ̸= ∆′—since achieving a given gap may require that klwr = kupr = 0, in
which case different thresholds can be chosen without altering the underlying risk vector.

12Or zero if both klwr and kupr are zero.
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where ∆k represents the k-th value of ∆ at which klwr and kupr change; and

K = (K1, . . . , KN ), K1 = 0, KN = 0,

where Kk denotes the value of K beginning at ∆ = ∆k. From ∆ and K, the ∆∗ such that ∥R∆∗ − R̂∥1 = ϵ can be calculated
in linear time. For completeness, this algorithm is given in Algorithm 2.

Thus, a complete solution for the optimization problem for a single stratum across all possible ϵ requires only calculating ∆
and K. As described above, this can be calculated by moving the thresholds toward each other at the prescribed rates rlwr and
rupr, updating the rates each time an index is activated or deactivated, until the gap between the thresholds is zero. Similar
to evaluating ϵ(∆) and Σ(∆), this can be completed in linear time, as described in Algorithm 4. (As above, we note that if
1
n

∑n

i=1 R̂i ̸= µ, it may be necessary to do a preprocessing step, also in linear time, as shown in Algorithm 3.)

Optimizing over all strata With a complete solution to the problem of minimizing the sum of squares for a single stratum, the
problem of minimizing the sum of squares across all strata is straightforward. We begin by characterizing solutions to the
minimization problem in the general case.

Lemma S9. Consider the simplified minimization problem in Eq. (12). Suppose that R∗ is a solution. Then, the restriction
of R∗ to any stratum is in minimization normal form. Moreover, R∗ exhausts the L1 budget, in that either 1

n
∥R∗ − R̂∥1 = ϵ

or tlwr = tupr = µa,j, where µa,j equals either ρj or τj depending on whether a equals 1 or 0.

Proof. The proof is virtually identical to the proof of Lemma S8. The only difference is that the first-order necessary KKT
conditions take the form

2 ·R∗ −

(
m∑

j=1

λ0,j · 10,j + λ1,j · 11,j

)
+

n∑
i=1

µ0,i · ei −
n∑

i=1

µ1,i · ei +
2n∑

k=1

νk · Sk = 0, [24]

where 1a,j =
∑

i∈Sj,a
ei. Restricting to a single i gives the following minor variant of Eq. (21):

2 ·R∗
i − λa,j + µ0,i − µ1,i +

n∑
k=1

νk · Sk,i = 0.

The proof then proceeds identically; the only difference is to note that while λa,j varies by stratum, ∆ =
∑2n

k=1 νk does not.

It follows that solving the minimization problem across all strata can be carried out in almost the same way as across a
single stratum:

1. Construct piecewise linear functions ϵa,j(∆) and piecewise quadratic functions Σa,j(∆) for each stratum;

2. Note that because the sums
∑1

a=0

∑m

j=1 ϵa,j(∆) and
∑1

a=0

∑m

j=1 Σa,j(∆) are also piecewise linear and quadratic,
respectively, they can also be evaluated using Algorithm 2;

3. Find ∆∗ such that
∑1

a=0

∑m

j=1 ϵa,j(∆∗) = ϵ, and evaluate
∑1

a=0

∑m

j=1 Σa,j(∆∗).

Consequently, beyond the machinery established in Algorithms 2, 3, and 4, we only need a way of calculating the sums of these
piecewise functions. This can be carried out straightforwardly using a variation on the standard merge-sort algorithm, which
we give in Algorithm 5 for completeness.

Putting this all together, we obtain the following lemma summarizing the results of this section.

Lemma S10. If ℓ, R̂, and u have been sorted, then there exists an O(log(m) · n) algorithm solving the simplified minimization
problem (Eq. (12)).

Proof. The proof is straightforward. We begin by noting that Algorithm 2 requires linear time: the index i increases by one in
the while loop on lines 6 through 10 on each iteration, and must be less than the length of the input. Similarly, in Algorithm 3,
the while loop on lines 11 through 22 increments ilwr by one on each loop, and limits it to three times the length of the input.
The same analysis applies to Algorithm 4, in which either iupr or ilwr increases by one on each iteration of the loop on lines 14
through 33. We note that the run time of Algorithm 5 is proportional to the sum of the lengths of its inputs. Using a standard
divide-and-conquer approach, we can accomplish the combination of the 2m strata in m total calls, where each element of the
input appears in 1 + ⌈log2(m)⌉ of the function calls, for a total time complexity of O(log(m) · n). Putting this all together, the
total complexity is O(log(m) · n).

2.B.3. Maximization. Even in the simplified problem in Eq. (12), maximization is not a convex problem. In general, maximizing a
quadratic objective over a linearly constrained convex set is NP-hard (24). However, the restricted forms of the objective and
constraints allow us efficiently to solve the optimization problem exactly in the case of a single stratum and approximately in
the case of multiple strata.

16 of 49 Jongbin Jung, Sam Corbett-Davies, Johann D. Gaebler, Ravi Shroff, and Sharad Goel



R = 0

R = 1

ilwr iupr

Fig. S2. Maximization normal form. Black dots represent estimated risks R̂i, the error bars represent the allowable range [ℓi, ui], and red dots indicate the corresponding
value of the normal form vector Ri. The pivots are indicated on the x-axis.

Optimizing over a single stratum As in the case of minimization, risk vectors that maximize the single-stratum maximization
problem have a special normal form.
Definition S11 (Maximization normal form). We say that a risk vector R is in maximization normal form if there exist indices
(“pivots”) ilwr and iupr such that

Ri =


ℓi i < ilwr,

R̂i ilwr < i < iupr,

ui iupr < i.

We additionally require that the risk values at the pivots themselves satisfy Rilwr ∈ [ℓilwr , R̂ilwr ] and Riupr ∈ [R̂iupr , uiupr ].13,14

Maximization normal form is similar to minimization normal form, except that instead of being pushed toward the thresholds,
values at indices below the lower pivot are pushed down, and values at indices above the upper pivot are pushed up. An
illustration of maximum normal form is given in Figure S2.

An important difference from the case of minimization is that studying the KKT conditions does not yield the normal form
directly; instead, it yields a weaker characterization.
Definition S12 (Weak normal form). We say that a risk vector is in weak normal form if there exist thresholds tlwr and tupr

such that

Ri =



ℓi Ri < tlwr,

tlwr Ri = tlwr,

R̂i tlwr < Ri < tupr,

tupr Ri = tupr,

ui tupr < Ri,

and there exists at most one lower index ilwr such that Rilwr = tlwr; and similarly, there exists at most one upper index iupr

such that Riupr = tupr

We note that, in the case of weak maximization normal form, the indices ilwr and iupr are analogous to the pivots in
maximization normal form; however, they do not share the key property, which is that all of the indices i < ilwr index risks
that have been pushed down all the way to ℓi and all of the indices i > iupr index risks that have been pushed all the way up
to ui; see Figure S3.

Lemma S13. Consider the single-stratum maximization problem—i.e., maximization in Eq. (18). Suppose that R∗ is a
solution. Then, R∗ is in weak normal form. Moreover, either 1

n
∥R∗− R̂∥1 = ϵ or R∗

i equals ℓi or ui for all but (at most) one i.

Proof. The proof is quite similar to the proof of Lemma S8. We note that the first-order KKT conditions are almost the same,
namely that

2 ·R∗ − λ · 1−
n∑

i=1

µ0,i · ei +
n∑

i=1

µ1,i · ei −
2n∑

k=1

νk · Sk = 0 [25]

13Since it involves the ordering of the indices as well as the risk values, the appropriate generalization of maximization normal form is notationally awkward to express when multiple strata are involved.
Fortunately, in contrast to the case of minimization, we will not have occasion to use such a generalization, and so do not give its definition.

14We note that we allow ilwr and iupr to take the values 0 or n + 1 in addition to {1, . . . , n} to cover cases where, e.g., Ri = ℓi for all i = 1, . . . , n.
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R = 0

R = 1

tlwr

tupr

ilwr iupr

Fig. S3. Weak maximization normal form. Black, blue, and grey dots represent estimated risks R̂i, the error bars represent the allowable range [ℓi, ui], and red dots indicate
the corresponding value of the normal form vector Ri. The pivots are indicated on the x-axis. The risk Ri at indices where the estimated risk is between the thresholds and
the bounds straddle the thresholds (shown in blue) can take on a number of values (e.g., Ri = R̂i or Ri = ui). Likewise, ilwr and iupr can occur at any index i such that
Ri = tlwr or Ri = tupr is feasible (shown in grey). As a result, the set of risk vectors in weak maximization normal form is a very complex search space.

for some λ and µ0,i, µ1,i, νk ≥ 0 satisfying complementary slackness. Virtually exactly as before, it follows from this that
Eq. (20) holds, i.e., that

R∗
i ∈
{

R̂i, ui, ℓi,
1
2 · [λ−∆], 1

2 · [λ + ∆]
}

. [26]

Again, as in the case of minimization, we can strengthen Eq. (26). In particular, exactly the same argument used to strengthen
the weak conditions in Lemma S8 yields that if R∗

i0 > R̂i0 and R∗
i0 < R∗

i1 , then R∗
i1 = ui1 ; and, conversely, if R∗

i0 < R̂i0 and
R∗

i0 > R∗
i1 , then R∗

i1 = ℓi1 . The proof is then otherwise the same as in Lemma S8.
To see that there can be at most one i such that such that ℓi < R∗

i < R̂i, suppose that ℓi0 < R∗
i0 < R̂i0 and ℓi1 < R∗

i1 < R̂i1

for i0 ̸= i1. By Eq. (26), R∗
i0 = R∗

i1 . Choose δ > 0 sufficiently small that R∗
i0 − δ > ℓi0 and R∗

i1 + δ < R̂i1 . Then, as in the case
of minimization, it follows immediately that R∗ + δ(ei1 − ei0 ) is feasible, but increases the objective by 2δ2, contrary to the
hypothesis that R∗ was a maximizer. In the same way, it follows that there exists at most one i′ such that ui′ > R∗

i′ > R̂i′ .
Combining this with our previous necessary condition on R∗ and letting tlwr = 1

2 · [λ−∆] and tupr = 1
2 · [λ + ∆] yields that

for all i such that R∗
i < tlwr, R∗

i = ℓi; that for all i such that R∗
i > tupr, R∗

i = ui; that there is at most one index such that
R̂i > R∗

i > ℓi; and, finally, that there is at most one i′ such that R̂i′ < R∗
i′ < ui′ .

Lemma S13 is, by itself, insufficient to form the basis of an effective solution algorithm since it does not determine which
indices are ilwr and iupr. Even if these indices were known, they do not pin down the value of Ri for i ̸= ilwr, iupr, which could,
almost without restriction, be ℓi, R̂i, or ui. As a result, the search space of vectors in weak maximization normal form is
extremely large.

Therefore, to construct an effective maximization algorithm, we must transform vectors merely in weak maximization normal
form into vectors that are in full-fledged maximization normal form.

To do so, we will have need of the following elementary fact.

Lemma S14. Suppose a ≥ b and c ≥ d. Then

|a− c|+ |b− d| ≤ |a− d|+ |b− c|.

Proof. The proof is not complicated, but is simplest to understand if expressed in geometric terms. Consider the points
p0 = (a, b) and p1 = (c, d). Then both p0 and p1 lie in the lower half-plane

H = { (x, y) : x ≥ y}.

Let T : (x, y) 7→ (y, x) be the linear transformation given by reflection across the line y = x. Then, the claim of the lemma can
be reframed as follows: for any p0, p1 ∈ H,

∥p0 − p1∥1 ≤ ∥p0 − T (p1)∥1. [27]

This setup is shown in Figure S4a. We divide into four cases according to whether a ≥ c and b ≥ d, or, equivalently, depending
on in which of the four regions shown in Figure S4b the point p1 lies.
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p0
p1

T

(a) Setup

p0

(A) (B)

(C)(D)

(b) Division into cases

Fig. S4. An illustration of the proof of Lemma S14. The half-plane H is shown in gray, with the dotted lines representing the coordinate axes. Left: The claim of the lemma is
equivalent to the claim that the path joining p0 to p1 is no longer than the path joining p0 to T (p1). Right: The division into four cases, depending on where p0 lies relative to
p1.

Case (A): a ≥ c and b ≥ d In this case, we have that

|a− c|+ |b− d| = a− c + b− d

= a− d + b− c

≤ |(a− d) + (b− c)|
≤ |a− d|+ |b− c|.

Therefore, Eq. (27) holds.

Case (B): a ≤ c and b ≥ d In this case,

|a− c|+ |b− d| = c− a + b− d

≤ c− a + b− d + 2(a− b)
= c− b + a− d

≤ |(c− b) + (a− d)|
≤ |c− b|+ |a− d|,

so Eq. (27) holds in this case as well.
Before completing the proof, we note that T has the useful property that

∥T (p)∥1 = ∥p∥1. [28]

Case (C): a ≤ c and b ≤ d We note that this case is the same as Case (A) with the roles of p0 and p1 reversed. Consequently,
by Eq. (27), we have that

∥p0 − p1∥1 ≤ ∥T (p0)− p1∥1.

Applying Eq. (28) and using the fact that T 2 is the identity, we have that

∥T (p0)− p1∥1 = ∥T (T (p0)− p1)∥1 = ∥p0 − T (p1)∥1,

which yields Eq. (27).

Case (D): a ≥ c and b ≤ d We argue as in the previous case, noting that this case is equivalent to Case (B) with the roles of p0
and p1 reversed, whence

∥p0 − p1∥1 ≤ ∥T (p0)− p1∥1 = ∥p0 − T (p1)∥1.
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